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Let A be a self-adjoint operator on the Hilbert space L2(Q, p) = 
{u E&(Q) lsol u(x)la p(x) dx < + co} defined by means of a closed, semi- 
bounded, sesquilinear form a(., .). We obtain a necessary and sufficient con- 
dition for the spectrum of A to be discrete. We apply this result to a Sturm- 
Liouville problem for an elliptic operator with discontinuous coefficients 
defined on an unbounded domain and to the study of the spectrum of a Hamil- 
tonian defined by a pseudodifferential operator. 
INTRODUCTION 
Let D C R” be an unbounded domain with smooth boundary &‘, and let A 
be the Laplace operator. It is well known that, in general, any self-adjoint 
realization H,, of --A on the Hilbert space L2(Q) has continuous spectrum 
o(H,) = [0, +c0). However, recently it has been proven (see Benci-Fortunato 
[3], Theorem 6.6) that, if D # Rn, then the self-adjoint realization Hr of --A 
on the Hilbert space L2(Q, p) = {U ELf,,,,(SZ)i s / u(x)12p(x) dx < +m} has a 
discrete spectrum of finite multiplicity (i.e., the essential spectrum is empty) if 
p(x) = O(l x I--2--r), E > 0, for / x 1 -+ +co. Therefore, it seems to be interesting 
to study the spectral properties of the self-adjoint realization A of a symmetric 
elliptic operator L in Hilbert spaces of type L2(Q, p). 
In the first section of this paper we will give a necessary and sufficient condi- 
tion (Theorem 1.1) for the essential spectrum of A to be empty. This condition 
is expressed by an integral inequality involving the sesquilinear form related 
to the operator L. Therefore the above condition applies well also to elliptic 
operators with discontinuous coefficients and to some pseudodifferential 
operators as will be shown in following sections. 
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Studying spectral properties of L in L2(sZ, p) rather than in L2(sZ) seems to be 
interesting also for the applications. In fact, as will be shown in Section 2, with 
the above results, we can get information on the solutions of the following Sturm- 
Liouville problems in an unbounded domain: 
Lu = hpu, 
U/a* =o, 
u E L2(Q, p), 
where L is an operator with discontinuous coefficients. 
In Section 3, we apply Theorem 1.1 to the study of the spectrum of the follow- 
ing pseudodifferential operator: 
Hu = .F-lj~(t) F-u + q(x)u 
(where 9 is the Fourier transform and p and 4 are functions). The operator H is a 
Hamiltonian whose principal part is a pseudodifferential operator. Hamiltonians 
of this type occur in relativistic quantum mechanics. If in (0.1) we have p(.$) = 
/ f j2, then H reduces to the Schrodinger operator. In such a case, Theorem 1 .I 
gives a necessary and sufficient condition for the spectrum of H to be discrete. 
This condition seems to be new (see, e.g., [7] and its references). 
We want to recall that another application of the above results is the study of 
the Dirichlet problem in unbounded domains with asymptotic conditions. The 
asymptotic conditions may be expressed by the fact that the solutions have to 
belong to a space of type L2(Q, p). The study of spectral properties of (elliptic) 
operators is closely related to the study of the Fredholm index of such operators 
(see, e.g., Schechter [lo]). For this kind of application, we refer to Benci- 
Fortunato [4]. 
Xotation and Preliminaries 
Let .Q be an open subset of Rn with smooth boundary &Q. If w is an open 
subset of D C Rn, w C C D means that there exists a compact set K such that 
w C KC D. If X is a topological vector space, X’ denotes its topological dual and 
X’( ) >x the relative pairing. 
We shall use the following spaces of complex-valued functions (or distribu- 
tions) defined on Q: 
9(Q) is the space of the functions infinitely differentiable in Q and with 
compact support in 9. 
If p is an a.e. positive, Lebesque measurable function La(Q, p) is the space of 
(equivalence classes of) measurable functions such that 
/lull L’u2,D) = [$, I ~(x>l~pp(~) dx]l” < +a. 
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L2(Q, p) is a Hilbert space with the scalar product 
L” = LP(Rn); 
s -- (u, VI L%LP) = 44 4 ~(4 dx; a 
L:,,(D) (where 1 < p < + co and D = Q or Q) is the Frechet space, projec- 
tive limit of the spaces LP(w) (W C C D) with respect to the restriction mapping 
u ~LW4 + u lw EWW), 
H”(Q) is the usual Sobolev space of functions having the derivatives up to 
order m in L2(sZ), 
HS (for s E R) is the space of temperate distributions ZJ such that (1 + 
/ 5 12)s/z 6 ELM (where Q denotes the Fourier transfer of u). HS is a Hilbert space 
with the scalar product (u, v)n$ = s ti([)G(t)(l + 1 E [2)s d[. If s = m, a positive 
integer, and D = R”, it is well known that HS = H”(Q) (cf. [9, II]). 
HS(0) is the space of the restriction to Q of distribution u E H”. For s > 0 it 
coincides with the interpolation space [H”(Q), L2(Q)ls with m (> s) integer and 
B = (m - s)/m. For s < 0, HS(SZ) = [H-S(Q)]‘. Therefore HS(Q) is a Hilbert 
space for every s E R. For the theory, see Lions-Magenes [9]. 
H;‘,,(D) (with D = D or 0) is the Frechet space projective limit of the spaces 
HS(w) (W C C D) with respect to the restriction mapping u E Hi,,,(D) + u jw E 
HS(w). 
H&&D) (with D = Sz or G) is the space of distributions u E HS(Q), having 
compact support in Sz. It is a topological vector space if we provide it with the 
inductive limit topology with respect to the embedding mapping u E HGS(Q) + 
u E H,s”nl,(D) (f or each w C C 0) where Has(O) = {u E HS(0): supp u C fi}. 
With this topology we have H&,&D) = [H;,S,(D)]’ (cf., e.g., Treves [ll, 
p. 3321). 
H,,S(sZ), E&(a) denote the closure of g(Q) in the spaces Ha(Q) and H&(a), 
respectively. 
We recall some definitions: 
DEFINITION 0.1. Let H be a Hilbert space and let a(., .) be a sesquilinear 
symmetric form defined on D(a) C H. a(., *) is said to be cZosed if {un) C D(a), 
u, + u in H and a(u, - u,~ , u, - u,) + 0 implies that u E D(a). a( , ) is said 
to be closable if it has a closed extension. 
We recall the following theorem for the proof of which we refer to Kato 
[8, Section VI, Theorem 1.171. 
THEOREM 0.2. A bilinearform is closable if and only ifq, E D(a), u, - 0 in H, 
a(u,, - u, , u, - u,,J -+ 0 implies a(u, , 24,) + 0. 
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1. THE MAIN THEOREM 
In this section we shall prove the following theorem: 
THEOREM 1.1. Let a( ., .) be a sesquilinear, symmetric, closed form on the 
Hilbert space L2(sZ, p), (p EL;,(~)) with domain D(a). We suppose that a(*, .) 
satisjies the following property: 
there exist two constants s > 0 and/& 2 0 and for 
each open set w C C Q a constant a(~) > 0 such that 
a(~, 4 + 11 j-n I u I2 P dx 2 4~) II u /w hw) . 
(1.1) 
Then the two following assertions are equivalent: 
(i) there exist two constants M > 0 and A, < 0 and a function u(x) E L&(a) 
such that 
(a) ,,“r, u(x) = + co and (3 > 0 for a.e. x E Sz, 
(1.2) 
(b) 1, / u I2 pa dx < 1%’ [a(u, u) + x2 J0 / u I2 p dx] for all u E D(a), 
(ii) there exists a unique self-adjoint operator A on the Hilbert space L2(Q, p) 
with the following properties: 
(a) W) = WY 
(b) (Au, v)~~Q,,) = a(u, v), Vu G D(A) and Vu E D(a), 
(c) the spectrum of A consists of a sequence {hk} of eigenvalues (1.3) 
of finite multiplicity having + 00 as the only accumulation point. 
Remark 1.1. It is easy to prove, by the well-known theory (see, e.g., 
[8, Section VI]), that if (1.2) (b) is satisfied with u = 1, then (1.3) (a) and (b) 
are satisfied and the spectrum of A is semibounded. The converse is also true. 
Remark 1.2. In order to prove (ii) 5 (i), it is not necessary to require that 
the form a( ., .) satisfies (1.1). 
Remark 1.3. Suppose that the spectrum of A is a discrete sequence of 
eigenvalues of finite multiplicity {hrJksZ having + co and - 00 as an accumulation 
point. Supposing that the A, are increasingly ordered, and that hkO is the biggest 
negative eigenvalue, we set 
a(u, w) = F h1,‘2(~, e,)(v, ek) + 2 (-&J1’2(% ek)b ed, (1.3’) 
k=k”+l k=-m 
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where (elc)lisz is a normalized system of eigenfunctions corresponding to the 
eigenvalues {hk}kEZ . From the proof of Theorem 1.1, it will be clear that for the 
sesquilinear form (1.3’), (1.2) holds. 
Remark 1.4. The assumption p EL&(D) may be weakened supposing that 
p EL~~~‘)-~(@ ( w h ere 1z is the dimension of the space). In fact, reasoning as 
in Theorem 1.2 of [4], we can prove Lemma 1.2 and therefore Theorem 1.1. 
For the proof of Theorem 1.1, we need some lemmas: 
LEMMA 1.2. Let V be a topological vector space of distributions on Q, such that 
the embedding V C-+ Hi,,, n L2(Q, up) is continuous. Zf s > 0 and a satisfies (1.2)(a), 
the embedding V C-+ L2(Q, p) is compact. 
Proof. Let {u,} be a sequence in V weakly convergent to u. Then, given 
w C C Q, u, jw is weakly convergent in Hs(w) and hence, by Rellich’s theorem, 
strongly convergent in L2(w). So we have that u, --+ u, in L~&2) and u, --f u,, 
weakly in L2(!2, up). The conclusion follows by Lemma 2.1 of [2]. 
It is not difficult to prove the following well-known lemma: 
LEMMA 1.3. Let A be a self-adjoint operator on a Hilbert space H. Suppose 
that the spectrum o(A) satisfies (1.3)(c). Let -1 < X, for all h, E a(A) and consider 
the scalar product [u, v] = ((A + x)u, D)~ Vu, v E D(A). Let V be th.e completion 
of D(A) in H with respect to the norm 11 u ]Iy = [u, u]l12. Then the embedding 
V c-t H is compact. 
Now we recall a well known theorem for the proof of which we refer to [l, 
Theorem 2.21, p. 311. 
THEOREM 1.4. Let 1 < p < + 0~). A bounded subset K C L9 is precompact in 
LS if and only if for every constant E > 0, there exists a constant 6 > 0 and a 
subset G C C Rn such that 
s I u I* dx < E, for every u E K, R”\c (1.4) 
s R” I 4% + 4- 441p dx <E, for every u E K 
and every h E Rn with ] h ] < 6. (1.5) 
We shall use the above theorem for the proof of the following lemma: 
LEMMA 1.5. Let KCLp(Q) be a precompact subset of L*(Q). Then there 
exists a measurable function a which satisfies (1.2)(a) and such that ol/pK = 
{u ] u = alt~w; w E K} is a precompact subset of LP. 
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Proof. We set a = {U E LP i u [o E K, and U(X) = 0 if x $ Sz}. Clearly R is a 
precompact set of Lp and we have to prove that there exists a u with the required 
properties such that al/Pi? is a precompact set of LP. 
Let E, = (n2”)-l and let G, = B(0, R,) a sequence of closed balls such that 
(a) lR.,cn / u(x)I” dx < E, for all u E K, 
(b) R” = G G, (i.e., R, -+ +co), 
Tl=l 
(1.6) 
(4 &,+I- R, 3 1, for every n E N. 
In particular we have G, C G,,, . Equation (1.6)(a) is possible since Z? is 
compact and for Theorem 1.4. Let {un} be a sequence of real numbers such that 
(a) a, is increasing and a, --t +co for n -+ +CO, 
(b) (JR > 0, for each n E N, 1 (1.7) 
(c) 2+1. 
n=l 
It is very easy to construct a function U(X) E V which satisfies the following 
properties: 
(4 44 - + a, forIx[-++co, 
(b) 44 > 0, for all x E R*, 
(4 44 < un , for x E G, , 
(d) 1 grad(u(x)l’p)] < 1. 
(14 
We claim that the set &PK is a precompact subset of Lp. In order to prove 
that we shall verify (1.4) and (1 S). Given 6 > 0 we choose G = G, with 
l/k d 4415) (1.9) 
(where c(p) is a constant such that (a + b)P < c(p)(a* + bP) for every a, b > 0) 
and S ~10, l[ such that for every h E Rn, 1 h 1 < 6, 
(4 j- I 4~ + h) + 44l” dx G 4u,fctpj > for every 24 E R, 
(1.10) 
(b) 4~) S j- I +91p dx < SC, for every u E ZZ 
Equation (1.10)(a) is possible because R is a compact set and for Theorem 1.4. 
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Equation (1.10)(b) is possible because R is a bounded set. Utilizing (1.6)(b), 
(1.6)(c), (1.8)(c), (1.6)(a), (1.7)(c), and (1.9), we have that 
foreveryuER. (1.11) 
In particular, since l /4c(p) < E, this proves (1.4) for the set or/PI?. Now, it 
remains to prove (1.5). 
Utilizing the fact that I h / < 1, we get 
I 4% + A) 4x + 4 1’~ - u(x) u(x)l’p Ip dx 
< I 
c,+, j u(x + h) u(x + h)l’f- u(x) a(x) I9 dx 
+ ‘(‘) JRe,Gk+l 
I 4x + W+ + 4 dx + 4 P> jRn,Gk+l I WI” 44 dx 
< c(P) jGkI1 I 4x + h) - +w 44 dx 
+ c(p) jGkjl 1 u(x + h)lP I u(x + VP - u(x)l'p IP dx 
+ 2c(p) jRn,c, 1 u(x)lP U(X) dx for every u E R. (1.12) 
Now, by (1.10)(a), we have 
c(p) L,, 1 u(x + h) - u(x)/” u(x) dx 
< @> uk+l 
s 
1 u(x + ii) - u(x)/” dx < $6, for every u E R. (1.13) 
By the Lagrange theorem, (1.8)(d), and (1.10)(b), it follows 
c(P) jGkil I 4x + 4P I 4x + 4 1’~ - u(x)l’l’ 1~ dx < cCp) S s 1 u(x)I” dp < &, 
for every u E IZ. (1.14) 
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By (1.12)-(1.14) and (1.11) we have 
s / u(x + h) u(x + h)‘!” - u(x) u(x)l’P /p dx < 2 + 5 ’ 4 
for every u E I?. Q.E.D. 
LEMMA 1.6. If K is aprecompact subset of LP(Q, p), then there exists a function 
(T satisfying (1.2)(a) and such that K is a precompact subset of L2(Q, up). 
Proof. It is an easy consequence of Lemma 1.5. In fact K is a precompact 
subset of Lp(Q, p) if and only if pl/pK is a precompact subset of Lg(.Q). By 
Lemma 1.5, there exists a function o satisfying (1.2)(a) such that ul/ppl/pK is a 
precompact subset of L2(Q), and hence K is a precompact subset of L2(J2, up). 
Q.E.D. 
Proof of Theorem 1.1. (i) 2 (ii). Let x = max(& , A,) and let us consider 
the following scalar product on D(a): 
[u, v] = a(u, U) + x s UV;O dx. 
Let V denote the pre-Hilbert space obtained by D(a) with the scalar product 
[., .I. Since a(., .) is closed, v is a Hilbert space (cf., e.g., Kato [8, Section VI, 
Theorem 1.111). By (1.2)(b), a(., .). IS semibounded; therefore by a well-known 
theorem (see, e.g., [S, Theorem 2.1]), it defines a unique self-adjoint operator A 
which satisfies (1.3)(a) and (1.3)(b). It remains to prove (1.3)(c). By (1.1) and 
(1.2)(b), the embedding v 4 Hr,-JQ) n L2(Q, up) is continuous; therefore, by 
Lemma 1.2 the embedding 
v =+ L2(Q, p) 
is compact. Since the operator A + x is strictly positive, in fact 
(1.15) 
it is invertible. Let us set B = (A +x)-l. B is compact, in fact, B = i 0 B, where 
B, : L2(Q, p) ---f D(A + 1) C V and i is the embadding (1.15). Since B is 
compact, (1.3)(c) follows by well-known theorems. 
(ii) + (i). Let us consider the following scalar product on D(A) 
where -A < AK for every hk E a(A). Let V be the completion of D(A) with 
respect to the above scalar product. Clearly v = D(a), and the above scalar 
product is equal to 
[u, 4 = 44 4 + %4 4L2co,pj . 
By Lemma 1.3, the embedding V c+ L2(Q, p) is compact. 
(1.16) 
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Now we want to prove that there exists a u satisfying (1.2)(a) and such that the 
embedding 
i : v C+L2(9, pu) (1.17) 
is compact. The set K = {u EL~(SZ, p) / 11 u IIV < 1) is precompact in L2(Q, p); 
therefore by Lemma 1.6, there exists a u satisfying (1.2)(a) such that K is a 
precompact set of L2(Q up). S o, every ball of V, rK, (I E R+), is embedded in a 
precompact set of L2(G, pu) and this proves the compactness of the embedding 
(1.17). 
In particular the embedding (1.17) is continuous. Thus there is a constant 
M > 0 such that 
II u llh~m) G M II u II”, 
i.e., 
s,1 u I2 pa dx < M [a(,, 4 + x s,’ u I2 P dx]. Q.E.D. 
2. THE STURM-LIOUVILLE PROBLEM 
We now apply the results of the previous section to a Sturm-Liouville problem 
for an elliptic operator with discontinuous coefficients. 
We consider the following elliptic operator in divergence form, formally 
defined by 
(2.1) 
where the {uii} and c are complex-valued functions which satisfy the following 
assumptions: 
(a) aij E GW), 
(b) c E L?ci;(@, 
(c) there exist two functions, pi(x) and p2(x), measurable and strictly 
positive on compact sets contained in 0, such that 
PI(X) I 6 I2 G 5 44 5‘ih G Pi264 I 5 I23 
for every x E Q and every [ E R”. 
(4 - a,, = aji , i, j = l)...) 71. 
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We are concerned with the following Strum-Liouville-type problem. Look for 
pairs (A, U) E R x Hi,,, such that 
(a) ulao=O in the sense of traces (see, e.g., [9]), 
(b) Lu = hp,u in the sense of distributions, 
(c) u EL’(Q, PO), 
where p0 E LIT,,(Q) (cf. Remark 1.4). 
(2.3) 
DEFINITION 2.1. We say that problem 3.1 admits a Sturm-Liouville-type 
solution (S-L solution) if and only if there exists a sequence of eigenvalues 
bcLv (b + +co) and the corresponding system of eigenfunctions is a com- 
plete orthogonal system for the Hilbert space L2(Q, p,,). 
Remark 2.2. We want to remark that the assumption (2.3)(c) and the choice 
of Lz(Q, p,,) as function space is not only a mathematical requirement, but in 
many applications, it has also a physical meaning. 
Consider for example the wave equation for a vibrating elastic membrane, 
nonisotropic and nonhomogeneous, 
(2.4) 
where {Q} is a tensor related to the elasticity constants and p,,(x) is the mass for 
the unit surface (see, e.g., [6, pp. 291 and 2971). Equation (2.3)(b) is nothing 
but the reduced wave equation for (2.4). In this model, assumption (2.3)(c) 
means that we are looking for stationary waves with finite kinetic energy. 
Let us consider now the sesquilinear form related to the operator (1.1) 
defined on the space g(Q) x g(Q), 
qu, v) = 1 [I a&) g 2 + c(x) u5] dx. (2.5) 
We suppose that C(X) is such that the form (2.5) is semibounded in L2(12, pO), 
e.g., 
there exists a constant x > 0 such that a(u, U) + 1 j[ u $Z~R,il,j > 0, Vu E g(Q). 
(2.6) 
This happens, e.g., if min (c(x), 0) EL$&,(~) (for other assumptions see [4]; 
for other assumptions with p,, = 1, see, e.g., Schechter [lo]). 
LEMMA 2.3. lf(2.6) holds, the form (2.5) is closable in L2(52, pO). 
26 V. BENCI 
Proof. We want to check that the condition of Theorem 0.2 is satisfied, i.e., 
that u, E 9(G), u, ---f 0 in L2(sZ, pa) and cZ(u, - u, , u, - urn) + 0 for n, m ---f 
+co implies that a”(~, , un) + 0. First of all we observe that the above condi- 
tions and (2.2)(c) imply that 
u, - 0, in H&,(Q). (2.7) 
Now, the operator defined by (2.1), maps 9(G) into H;&,(Q); therefore we have 
qu, v) = f&&+4 v> qo,, for every u, ?i E a(&?) 
and by (2.7) 
lim cZ(w, u,) = 0, m++oc for every w E 9(G). (23) 
Now we set 
b(u, q = 44 4 + @ + l)(u, 4L2(5a,o,) , for u, 2, E 9(Q). (2.9) 
By (2.6) b(., .) is a positive definite symmetric form and utilizing the Schwarz 
inequality, we get 
b(un , un) < I b@n > u, - urn)1 + I b(un , urn)1 
< b(un > z#‘~ . b(un - u, , u, - u,)~‘~ + j b(un , u,)l. (2.10) 
For any E > 0, there is an *such that I b(un - u, , U, - u,)l < c2 for n, m > %. 
Since b(un , uJ is bounded for the same reason, it follows from (2.10) that 
@n > 4 d Me + b&n , urn), 72, m 3 n; (2.11) 
where M is a positive constant. On letting m -+ + co, we obtain by (2.8) and 
(2.11) that b(un , u,) < MC for n > % and consequently that j Z(u, , u,)] < 
ME + (A + 1)&z > u,)Lw,~) . This proves the required result. Q.E.D. 
From now on, a( , ) will denote any closure inL2(SZ, p,,) of the form (2.5) and 
D(a) its domain. 
We now prove our main result about the problem (2.3): 
THEOREM 2.4. With the assumption (2.6), the problem (2.3) admits a S-L 
solution {(A, , I+.)> C R x D(a), if and only if the assumption (i) of Theorem 1.1 
holds for any closure a( , ) of the form (2.5). 
Proof. The problem (2.3) with the assumption that u E D(a) is equivalent 
to the following one: 
(a) u E D(a), 
(b) a(u, V) = X s uu;o, dx, for every ZI E D(a). 
(2.13) 
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On the other hand, since u( , ) is closed and semibounded for Lemma 2.3 and 
(2.6), it defines a unique self-adjoint operator A on the Hilbert space L2(9, pO) 
with D(A) CD(a) (cf. [S, Section VI, Theorem 2.11). The solutions of (2.13) 
(or (2.3)) are nothing but the eigenvalues and the eigenfunctions of the operator 
A. Therefore Theorem 1.1 can be applied. Q.E.D. 
Remark 2.5. If the form (2.5) h as a unique closed extension which satisfies 
(2.3)(a), then problem (2.3) is equivalent to problem (2.13). But in general the 
form (2.5) has many closed extensions a,(., .), i E I, satisfying (2.3)(a). Therefore, 
we must add to problem (2.3) the supplementary assumption that u E D(aJ for 
some i E I. This assumption is nothing but a requirement on the asymptotic 
behavior of the solution. 
COROLLARY 2.6. If (2.6) holds, a suflcient condition for problem (2.3) to admit 




Proof. It is enough to choose U(X) = max(1, c(x)/pO(x)). Q.E.D. 
If (2.14) does not hold, sufficient conditions may be found with the aid of the 
following lemma: 
LEMMA 2.7. Let 0 # Rn and let p(x) = (1 + 1 x i2)112. Then the following 
inequality holds: given s E R and E > 0, there exists k > 0 such that 
s R 1 u /2ps-2-c dx < k i 1 Du Ii ps dx, for every u E B(Q). (2.15) n 
Proof. See Benci-Fortunato [3, Lemma 2.41. 
From the above lemma, we have the following results: 
Q.E.D. 
COROLLARY 2.8. Let us suppose !? # Rn and that there exists an s E R and 
cl , ce > 0 such that 
Cl&) < P,(X) e P2(4 G w”(x) (pl and pz are dejined in (2.2)(c)). 
If (2.6) holds, then a suficient condition for problem (2.3) to admit a S-L solution 
is that there exist two constants 6, k > 0 such that 
po(x) < kp(x)s-%-2e. 
Proof. Choose U(X) = p(x)’ and apply Lemma 2.7 and Theorem 2.4. Q.E.D. 
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3. A DISCRETENESS CONDITION FOR THE SPECTRUM OF A 
PSEUDODIFFERENTIAL OPEFUTOR 
In relativistic quantum mechanics Hamiltonians are not, in general, differen- 
tial operators, but pseudodifferential operators. Thus, it is interesting to study 
spectral properties of such Hamiltonians. 
We now shall consider a simple case for which Theorem 1.1 can be applied. 
Let us consider the following operator, formally defined by 
f&A = (F-‘p(W)u + 9(X)& (3.1) 
where 9 denotes the Fourier transform and p and q are given functions. If p 
is a polynomial, then His a differential operator; if p(t) = t2, then (3.1) reduces 
to the Schrodinger operator. We make the following assumptions: 
(4 P EL?& ; 4 EGO, T 
(b) there exist constants cr , c2, E, s > 0 and A, > 0 such that (3.2) 
41 + I 5 I)” <p(t) + Al < cz(l + I E v, 
(c) q is bounded from below by a constant -A, < 0. 
With assumptions (3.2), (3.1) defines a symmetric operator H: 9 -+ L2. 
Let us consider the sesquilinear form related to the operator (3.1): 
a(~, 4 = j ~(8 f&t) e@8 d5 + j q(x) 44 c(x> dx (3.3) 
(where zi = 9u and 6 = 9~) defined on the domain 
D(a) = {u E-w”, 12 + q(x)) I w EL2(R”, Xl + pm. 
It is easy to check that the sesquilinear form (3.3) is closed and semibounded. 
Therefore it defines a unique self-adjoint operator A with D(R) C D(a). A is 
the Friedrichs extension of H (cf., e.g., Kato [S, Section VI, 21). 
THEOREM 3.1. The two following assertions are equivalent: 
The spectrum of n consists of a sequence of eigenvalues of jinite 
multiplin’ty having + CC as the only accumulation point (3.4) 
there exist two constants A, M > 0 and a function u(x) satisfying 
(1.2)(a) such that (3.5) 
j I u I2 u dx < hi' [j (p(t) + A,) I fW)l" dE + j (q(x) + 8 I 49" dx] . 
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Proof. In order to apply Theorem 1.1, it is enough to check that a(., .) 
verifies (1.1). Utilizing (3.2)(b) 
4% 4 + J&s I u I2 2 J (~(8 + x1) I f4t)12 d5 2 cl i/ u ilka. Q.E.D. 
From Theorem 3.1 easily follows the result: 
COROLLARY 3.2. A sufficient condition for (3.4) is that 
(3.6) 
A necessary condition for (3.4) is that for every Y > 0, 
lim ~so-t+m s B (5 )44 dx = +a, (3.7) I 0 
where B,(x,) denotes the ball of center x,, and radius r. 
Remark 3.3. The conditions (3.6) and (3.7) are nothing but the generalization 
to the pseudodifferential operator H of well-known results for the Schrodinger 
operator (see, e.g., Glazman [7]). On the contrary, the necessary and sufficient 
condition (3.5) was not known for the Schrodinger operator either (at least to 
our knowledge). In order to find a less restrictive sufficient condition on the 
potential q than the condition (3.6) we refer to Benci-Fortunato [5]. 
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